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Abstract 

We prove that the cigar conformal field theory is dual to the Sine-Liouville model, 
as conjectured originally by Fateev, Zamolodchikov and Zamolodchikov. Since both 
models possess the same chiral algebra, our task is to show that correlations of 
all tachyon vertex operators agree. We accomplish this goal through an off-critical 
version of the geometric Langlands duality for sl(2). More explicitly, we combine 
the well-known self-duality of Liouville theory with an intriguing correspondence 
between the cigar and Liouville field theory. The latter is derived through a path 
integral treatment. After a very detailed discussion of genus zero amplitudes, we 
extend the duality to arbitrary closed surfaces. 
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1 Introduction 



Strong- weak coupling dualities in 2-dimensional quantum theory possess a long history, 
with a remarkable range of applications. In addition to providing indispensable tools for 
concrete calculations, they have also taught us important lessons about non-perturbative 
quantum field theory in general. Among these dualities, those relating different target 
space geometries of sigma models have received special attention, in particular from string 
theorists. Many extensions of the famous R ^ 1/R duality for a compactified free bosonic 
field X ~ X + 2ttR were found, sec e.g. [1] for a review of developments in string theory 
and further references to original research papers. Mirror symmetry of Calabi-Yau com- 
pactifications has allowed to sum up contributions from world-sheet instantons, a task 
that would seem virtually impossible without duality symmetries. 

Non-perturbative contributions to the a' dependence of the world-sheet model are 
potentially important whenever the target space of the string becomes strongly curved, 
or, more generally, when some geometric length scale is of the order of the string length 
Is ~ Vc^. In recent years, a new class of curved target spaces has come into focus. 
Through the AdS/CFT correspondence, strongly curved (asymptotically) Anti-de Sit- 
ter (AdS) backgrounds are beheved to encode interesting information about gauge field 
theories. As simple examples show, the corresponding world-sheet theories receive non- 
perturbative corrections. It would be of obvious interest to capture those through pertur- 
bative expansions in some dual field theory, whenever such a dual exists. 

At the moment, very little is known about target space dualities involving AdS or 
more general holographic backgrounds, with only one exception. It is provided by the 2D 
Euclidean black hole, also known as the (semi-infinite) cigar. The cigar conformal field 
theory contains two fundamental fields, (f) and X, which take their values in the real line 
g] — oo, oo] and in the interval X G [0,27ri?], respectively. In these coordinates, the 
non-trivial background metric ds"^ and the dilaton $ read [2, 3, 4] 

ds^ = k-±^(d(f)^ + k-^dX'') , = e-2*°(l + e-2'^) . (1.1) 

The compactification radius R of the field X is related to the parameter k in the metric by 
k = R^. Throughout this entire note we shall set a' = I. The cigar geometry, along with 
its Lorentzian counterpart and supersymmetric extensions, possesses many interesting 
applications. For us, it serves as the simplest holographic background in which duality 
can be addressed (see e.g. [5] and references therein). 
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Duality symmetries in quantum field theory should come with a prescription that 
maps fields of one model onto those of its dual. Let us recall that the tachyon vertex 
operators of the cigar conformal field theory are associated with the asymptotic data of 
wave functions at (p — — oo, 

= e'''(^'+^)'^ e't^+'^"'^ where X = X{z,z) = -i j^'^'\dX (1.2) 

is dual to the field X — X{z,z). It is defined through a fine integral over the Hodge 
dual *dX of the differential dX. We have also introduced the parameter h — — 2 

that will appear frequently throughout our entire presentation. The parametrization of 
tachyon vertex operators in terms of the complex radial momentum j and the quantum 
numbers n,w for the circle direction follows the usual conventions. 

According to a famous FZZ-conjecture of V. Fateev, Al. Zamolodchikov and A.B. 
Zamolodchikov [6] (see also [5] for a review), a dual of the cigar conformal field theory 
is given by the so-called Sine-Liouville model. This dual theory also involves two fields 
and X with values in g] — oo, oo[ and X G [0, 27ri?], as before. The two coordinates 
parametrize a cylinder with the trivial fiat metric and radius R = \fk. The motion of 
strings towards ~ oo is cut off by a tachyon potential of the form 

V{(\>,X) = 47rA ei"^ cos(v^X) . (1.3) 

The operator V is marginal, provided the field has background charge — 6, the 
same as in the cigar model above. Tachyon vertex operators in Sine-Liouville theory are 
again parametrized by data in the asymptotic domain — > — oo where the interaction is 
exponentially suppressed, i.e. they take the same form as for the cigar 

The FZZ conjecture claims that one may identify vertex operators in the cigar background 
and Sine-Liouville theory, 

IN \ ^^^S /AT \ 

The normalization M depends on the parameter 6, the winding number violation S = 
J^Wu, and the number of vertex operators. The coupling constant A of Sine-Liouville 
theory relates to the parameter b. An explicit formula will be spelled out below. 
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The FZZ-duality has several interesting features. To begin with, it is a strong-weak 
couphng duahty. In fact, the cigar conformal field theory is weakly coupled for large k 
or, equivalently, for small b. In this regime, the tachyon potential (1.3) increases rapidly 
towards larger values of 0. Hence, the model becomes strongly coupled. Another point 
worth stressing is that the FZZ-duality relates a sigma model to another 2-dimensional 
field theory with constant metric and linear dilaton, but non-trivial tachyon potential. 
The latter is a finite sum of exponentials. In this respect, the relation between the cigar 
and Sine-Liouville theory is very different from the geometric target space dualities which 
are produced e.g. by the Buscher rules [7, 8]. Some tests of the FZZ-duality on the 
sphere were performed in [9]. A supersymmetric version was established in [10], but their 
argument is passing through gauged linear sigma models and hence rather indirect. Our 
aim here is to give a direct derivation of the equality (1.5), first for the sphere and then 
on an arbitrary surface. 

Our proof involves two key ingredients. As a starting point, we represent the cigar 
theory as a coset conformal field theory, obtained by gauging a certain U(l) symmetry 
in the WZNW model. The coset formulation then allows us to invoke an intriguing 
correspondence between correlation functions in the WZNW model and Liouville field 
theory [11, 12]. Thereby, we shall be able to express correlation functions of the cigar 
conformal field theory through special correlators in a product of Liouville field theory 
and a free boson. The additional bosonic field arises from the gauge field of the coset 
construction. It participates actively in the reduction from the cigar to Liouville field 
theory. Up to this point, all steps are performed in the path integral formulation of the 
cigar, following closely our recent work [12]. Clearly, such path integral manipulations are 
not sufficient to transfer us from a weakly to a strongly coupled regime. This is where the 
second central ingredient comes in. Let us recall that Liouville field theory is self-dual, 
i.e. it looks exactly the same at weak and strong coupling. Having expressed correlators 
of the cigar through Liouville theory we can capitalize on the self-duality of the latter 
to describe the cigar in the strong coupling regime. The resulting formulation of the 
cigar conformal field theory will not look fike Sine-Liouville theory at first, but the two 
descriptions shall turn out to be related through simple rotations and refiections in field 
space. We shall describe these expficitly in the last part of our derivation, following ideas 
from an unpublished note of V. Fateev [13]. 

The plan of our work is as follows. In the next section we shall review and extend 
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our previous path integral derivation of the correspondence between the WZNW 
model and Liouville field theory. The discussion will incorporate sectors obtained by 
the action of spectral flow [14]. Such an extension was described by Ribault in [15] and 
it is crucial for us in order to treat winding number violating amplitudes of the cigar 
conformal field theory. Our proof of eq. (1.5) is then presented in section 3. The fourth 
section contains a generalization of the FZZ-duality and its proof for higher genus surfaces. 
In the conclusions we finally present a list of open problems and possible applications. 

2 The iJ^-Liouville correspondence 

The main purpose of this section is to extend our path integral derivation of the corre- 
spondence between the WZNW model and Liouville field theory to sectors obtained 
through spectral flow [14]. On the sphere, the corresponding relation between correlation 
functions has been derived by algebraic means in [15]. Generalizing the treatment of [12], 
we shall arrive at the same result. Our new derivation, however, has two advantages. 
First of all, it also applies to the case of maximal winding number violation that could 
not be treated previously [15]. More importantly, our argument extends to surfaces of 
higher genus. Those will be dealt with in section 4. 

In deducing the main formula (2.17) below, we shall sketch the key ideas explained in 
[12]. As we are going through the individual steps, we shall present them in a somewhat 
different light, stressing the similarities with the standard derivation of T-duality. Of 
course, the correspondence between the model and Liouville field theory is not a 
T-duality, as e.g. both theories possess different central charges. Nevertheless, through 
this correspondence, Liouville theory manages to capture all information about tachyon 
correlators in the model. At first sight, this might actually seem a bit surprising. 
While tachyon vertex operators in the WZNW model carry a 3-component target space 
momentum, tachyonic modes in Liouville field theory possess momentum in one direction 
only. The resolution of this apparent paradox is intriguing: Only the radial momentum 
of the WZNW model is mapped to a momentum in Liouville theory. The two remaining 
components of target space momentum, on the other hand, become parameters specifying 
the world-sheet insertion points for degenerate fields in Liouville theory. Such additional 
insertions are necessary precisely because the models on both sides of the correspondence 
have different target space dimension (central charge). 
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2.1 Correlators in the WZNW model 

As is any derivation of T-dualities (see, e.g. [7, 8]), our first step is to present the 
WZNW model in a first order formulation. To this end, we introduce two auxiliary fields 
P and P of weight h — 1. These supplement three fields 0,7 and 7 of conformal weight 
h — that come with the target space coordinates of the Euclidean AdS^. The action of 
the model reads 

Sr^'^icP, 7, /3] = ^ / d'w (d<pd<f> - /397 -m+^V9T^<P- b'PPe'"^) ■ (2.1) 

In order for the interaction term to be marginal, the field must possess a background 
charge Q^,, = b = l/\/k — 2. The usual WZNW model on may be recovered from eq. 
(2.1) by integration over /? and /3. 

Our task is to compute correlation functions of tachyon vertex operators. There exist 
several natural ways to parametrize the space of tachyonic modes. The choice we shall 
adopt is given by 

Vj{ii\z) = luf^^^ e"^^'^-''^^'^ 6^''^^+^^'^^''^^ . (2.2) 

These vertex operators are labeled directly by the three target space momenta /x, fi and j. 
Our particular choice of /i-dependent prefactor will turn out to be very convenient later 
on. The quantities we want to compute are the correlators 

( n V,Mz^) v'io) = / ^^0^^7^^/5 e-^r™-[^.7,/^l n V,Mz.) e^^«)/^ . (2.3) 

\ u=l I v=l 

Here, the superscript H reminds us to evaluate the correlation function in the WZNW 
model. The operator v^{^) we inserted at 2; = ,^ on the left hand side is obtained by acting 
with S units of spectral flow on the identity fleld. We let the superscript S run through 
positive integers. The generalization to negative S is quite obvious but dealing with both 
signs at the same time would clutter our presentation below. The insertion of v^{^) has 
two effects on the right hand side of eq. (2.3). To begin with, it leads to an insertion of 
the vertex operator exp (5*0/6). Moreover, f'^(^) determines the integration domain for 
the fields (3 and P in the path integral. To be more precise, the integration in eq. (2.3) 
is meant to extend over all field configurations such that (5 and ft both possess a zero of 
order S z — ^. In our analysis [12], we had set the parameter S to S — {) and studied 
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the usual path integral for vacuum expectation values. With later applications in mind 
we now extend this treatment. 

Even though we may think of v^{^) as being defined through the path integral repre- 
sentation we outlined in the previous paragraph, it might be useful to pause for a moment 
and explain the precise relation to the action of the spectral flow automorphism p'^ on the 
affine sl(2) current algebra. In the following discussion we shall set ^ = and pass to an 
operator formalism. Our freedom of choosing S can then be understood as the insertion 
of a state \S) that is obtained from the vacuum |0) through S units of spectral flow, i.e. 

( n vM^^^) v'io) ) = (oi n vjm^'^) \s) , 

\ v=l I v=l 

where l^") satisfies 

p^{J^)\S) = for n > 0, a = 3,± . (2.4) 

For the reader's convenience we recall that the spectral flow automorphism of the sl(2) 
current algebra is defined by 

p'iJl) - Jn- ^S5^,o , P'{J^) = JLs ■ (2-5) 

We would like to rephrase the conditions (2.4) in terms of the fields that appear in our 
action. To this end, we spell out the usual free field realization of sl(2) currents, 

J-{z) = (3{z) , J'{z) = : Pizhiz) : - r^a0(z) , (2.6) 
J+{z) = : P{z)^^{z) : - 2b-'^^{z)d(l){z) + kd-f{z) . (2.7) 

The construction of currents through (3, 7 and (p implies that l^) = |>S')(^_^) (8) 15')^ may be 
characterized through 

Pn-s\S)if3,^) = , 7n+s|5)(/3,7) = for 71 > . (2.8) 

Furthermore, the state \S)(j) carries a non- vanishing charge with respect to the zero mode 
of the field 0, i.e. 

\S), = ef'^(°)|0), . (2.9) 

By now we easily recognise the description of v^{^) we gave above. In fact, the state \S) 
creates a zero of order S in the field P{w) = J2 PnW~"'~^ at w = 0. The effect of 15*) on 
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the field is captured by the insertion of the vertex operator cxp{S(f)/b). Obviously, the 
insertion point of v'^ can be moved from w = Oto any point on the sphere (or surface). The 
amplitudes (2.3) we considered here are {N + l)-point functions containing unfiowed 
states in addition to the state at z = C,- The latter is obtained from the identity by S 
units of spectral flow as mentioned before. More general correlators for which the S units 
are distributed among all + 1 fields are rather easy to find, as discussed in [15]. The 
relation between the cigar and Liouville field theory would be derived from its simplest 
form when all the spectral flow is assembled in one insertion point. 

2.2 The correspondence with Liouville theory 

Since vertex operators do not depend on (3 and these flelds can easily be integrated 
out. The resulting action is that of the WZNW model for the usual coordinate flelds 7, 7 

and 0. A "dual" description of the WZNW model emerges when we integrate out 7 and 
7 instead of f3 and f3. As in the case of T-dualities, the integration over 7 and 7 gives 
constraints on f3 and /3. Solutions to these constraints are inserted back into the action. 
Thereby, we arrive at the dual formulation we are after. Let us now see how all this works 
out for our WZNW model. 

As explained in much detail in [12], integration over 7 and 7 gives the constraints 



dp{w) = 2t:Y.iiJ\w-z,) , dp{w) = -27iY,fiJ^{w- z^) . (2.10) 



If it were not for the insertion of vertex operators, these would simply require the one- 
differentials (3 and f3 to be (anti-)holomorphic. The vertex operators act like sources and 
force f3 and f3 to possess first order poles with residues fi^ and at the insertion points, 
respectively. On the complex sphere, a meromorphic one-differential with these properties 
is uniquely determined to be of the form 

P{w) - E , (2.11) 

and similarly for j3. Due to the insertion of v^{^)^ (3 and (3 possess a zero of order S at 
w — ^. Therefore, the parameters fii, must obey the following 5* -|- 1 equations 



N 



N 



i/=l 



N 



E 



n 







for n = 0, 1,2,...,^ . 



(2.12) 



8 



The first equation with n = ensures that (3{w) has no pole at w = oo. The uniqueness of 
the solution to eqs. (2.10) is a new feature of our analysis, distinguishing it from the case 
of usual T-dualities. In the standard cases, solutions to the constraints are parametrized 
by a dual field. Thereby, field theories related by an ordinary T-duality possess the same 
number of fields. Because the solutions to our constraint equations (2.10) are unique, the 
resulting "dual" of the WZNW model will have two fields less than the theory we 
started with. 

The next step is to insert the solutions to the constraints back into the action. This 
leaves us with a theory of a single field and a Liouville-like interaction term. A second 
glance at the resulting action, however, reveals an unpleasant feature: In the place of 
Liouville's cosmological constant we find a rather complicated function |/3(w)p depending 
on the insertion points Zi, and momenta iIutP-u- We can try to resolve this issue by 
absorbing the unwanted function |/3(u')p into a shift of the zero mode of 0. Since we are 
going to shift (f) by the logarithm of P{w)P{w), it is advantageous to bring P{w) into a 
product form first. Let us recall that for any one-differential, the number of poles exceeds 
the number of zeroes by two. Hence, (3{w) must have N — 2 zeroes. Since we inserted 
the operator v^{^), S of these zeroes must come together at w = ^. We will denote 
the remaining N — 2 — S locations of zeroes on the sphere hj w = yi} Furthermore, 
a differential is uniquely characterized by the position of its zeroes and poles up to an 
overall factor u. Consequently, we can rewrite I3{w) in the form 



p[w) = u- "JT/ ^- ■ (2-13) 



Thereby, we have now replaced the N parameters subject to constraints (2.12) through 
N — 2 — S coordinates yi and a global factor u. Now we are ready to introduce the new 
bosonic field ip through 

I / N-2-S N \ 

if := (t>+-[s\n\w-i\'+ ^ ln|w;-|/,|2-^^ln|w;-z,|2-ln|Mp(w)|2j ,(2.14) 

where the term in brackets is In \uB\'^. Here we have included a non-trivial Weyl factor 
p{z). With this factor, the world-sheet metric and its curvature are given as ds^ — 
\p{z)\'^dzdz and ^TZ = —Addhi \p\. Throughout most of the present note we set p{z) = 1. 



^In this way we have shown that the total spectral flow number must be less than N — 2, i.e., S < N — 2. 
The same conclusion was reached from a group theoretic argument in appendix D of [16]. 
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But several details of the duality between the sigma model and Liouville theory require 
a more careful treatment. This applies in particular to the derivation of the shift in the 
background charge and to a proper regularization lim^^^ 1'"^ ~ = — In of the 

divergent expression lim^^^ |t(7 — ^p, see [12] for details. 

Through our redefinition (2.14) of the field (p we remove the factors of in the definition 
(2.2) of the vertex operators, 

|^^|2(>+l) ^2b{ju+l)4>{zu) ^ ^2b{ju+lMzu) (2.15) 

and thereby all explicit /i dependence. It remains to rewrite the kinetic term through the 
new field (p. Since 990 and dd(f differ by a bunch of (5-functions which are localized at the 
points Zu, Hi and ^, we obtain extra insertions of vertex operators exp(±|v9) at the zeroes 
and poles of B. The vertex operators inserted at combine with the original tachyon 
vertex operators while those at Ui are new. Similarly, there is an extra insertion of the 
operator exp{—Sip/b) at the point w = ^. It combines with the vertex operator 

^ e^^(«/^ , %)^ niIl^"^(e-?/i) ^2.16) 

into some simple numerical factor \uB{^)\~^^^'^ . The latter is canceled by the numerical, 

(^-dependent term in (j)dd(j) so that the end results assume the form 

/ N \ S / N \ l« |2 / ^ N-2-S \ ^ 

( n vMz.)v\^) = \{5^ E 7T37v^ n& ( n ^-(^'^) n y-^sy^)) 

\v=l I n=0 \v=\ VS ^v) J \u\^ \v=\ 1=1 I 

N ^ N-2-S J N W-2-5 ^ 

with On ^QN{u,yj,z^) ^ ]]_{z^^)^ (yij)^ J] (^i^-yO~^- (2-17) 

/i<i^ i<j i/=l 1=1 

Note that all dependence on the insertion point z — ^ has dropped from all terms but 
those implementing the constraints (2.12). The right hand side of eq. (2.17) is evaluated in 
the Liouville theory. The vertex operators are Va — exp{2a(p) with a„ — b{ji, + 1) + 1/26, 
and the number of degenerated fields V^i/2b is given by N — 2 — S. 

All the above can be generalized to world-surfaces of higher genus > 1, as shown in 
section 4, following our analysis in [12]. The main point to note concerns the number of 
additional insertions: On a surface of genus g a one-differential with N poles possesses 
N + 2g — 2 zeroes. Once more, S of them should come together at the point at which 
we insert the spectral flow of the identity fleld. The remaining N + 2g — 2 — S zeros give 
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rise to the insertion of degenerate fields. With the generahzation to higher genus surfaces 
being well under control, the relation between the WZNW model and Liouville field 
theory becomes a perturbative correspondence that works order by order in the string 
loop expansion. 

3 The Cigar— Sine-Liouville duality 

We are now ready to derive the duality between the cigar conformal field theory and 
the Sine-Liouville model. Our argument proceeds in several steps. First we use the 
correspondence between the model and Liouville field theory to establish a similar 
correspondence between the cigar and a new model that involves a Liouville field (p along 
with a single free boson x- As before, the Liouville correlation functions contain N — 2 — S 
additional degenerate field insertions. In this form, our correspondence does not yet 
resemble the duahty we were seeking for. To begin with, the Liouville field theory with 
interaction exp26(/7 remains weakly coupled for small 6, i.e. whenever the WZNW 
model is weakly coupled. Furthermore, the correspondence relates correlation functions 
with a different number of field insertions. Finally, the background charges of the Liouville 
field (p and the boson x are found to differ from those in the Sine-Liouville model. We 
shall address each of these three shortfalls in a separate subsection. 

3.1 A correspondence between the cigar and Liouville theory 

Our first aim is to determine correlation functions of tachyon vertex operators in the 
cigar conformal field theory. As before, we parametrize the cigar geometry through the 
radius R = \/k of the circle at (p = —oo. The value of R determines the central charge 
through 

c. -2^ 
- ^ k-2 ■ 

Let us recall that the cigar conformal field theory may be obtained from the WZNW 
model by a process of gauging. Thereby, the cigar model gets embedded into the combi- 
nation of a WZNW model at level k and a free bosonic field theory, 

S[(f),j,f3;X;b,c] = ^^^[0, 7, /?] + ^ [ cFw dXBX + ^ [ £w{bdc+bdc) 

along with (6, c)-ghosts arising from the gauge fixing procedure (for more detail, see 
appendix A). The first term represents the WZNW model, written once more in a first 
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order formulation (2.1). The free boson X is compactified to a circle of radius R = ^/k, 
i.e. the compactification radius of X is the same as for the cigar at = —oo. It has 
vanishing background charge Qx = 0. 

Next we turn our attention to the vertex operators. Our conventions for vertex oper- 
ators of the WZNW model can be found in (2.2). In order to spell out the relation with 
vertex operators of the cigar, we need to pass to the so-called m-basis 

^kmiz) = Ni^^^j^^irrvM^) , Ni^^ = r{^li^l) ■ (3-1) 

We have to combine these with vertex operators of the free boson X. For the latter we 
use the following notation 

Vl^izrz) = e'^(-^-'^^«) . (3.2) 

Here, we have also introduced the fields X^ = Xl{z,z) and Xji = Xfi{z,z) through 
X = Xi + Xr and X = X^ — Xfi. Note that our sign convention for m deviates from the 
standard one. Vertex operators for the cigar are constructed according to the simple rule 

= V^^^{z,z)^i^^{z,z) . (3.3) 

The two parameters m and rh denote the left and right U(l) charges. They are related 
to the asymptotic momentum and winding numbers n and w (see introduction) through 
m — {kw + n)/2 and m — {kw — n)/2. 

Combining the results of the previous paragraphs, we are led to the following basic 
representation of our correlation functions. 



TV-?' 



X (3.4) 



/ ^ 

X 



HxF 



\ i/=i / 

The correlator on the right hand side is to be evaluated in a product of the WZNW 
model with a single free boson. The parameter S that determines the insertion at 2; = ^ is 
related to the integers rriv and rfii, through Y^v ''^v = J2u = For the cigar conformal 
field theory, the operator at z = ^ is just a representation of identity field. Hence, the 
right hand side of eq. (3.4) should not depend on the insertion point z = a. property we 
shall confirm explicitly below. 
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Our first step now is to insert the results from section 2 for the correlation functions in 
the WZNW model. Thereby, we bring in the correlators of Liouville theory, multiplied 
by the rather complicated prefactor (see eq. (2.17)). But there remains some explicit 
/x-dependence in the integrand along with the integration over fi^. According to our 
general strategy, we would like to rewrite the expressions entirely in terms of the new 
variables u and yj. This works out very nicely if we redefine the bosonic field X in a way 
that is reminiscent of what we did in eq. (2.14) for the field (p, 

XL := XL-i— iS\n{w - ^) + ^ \n{w - yi) -^\n{w - z^) -In up{w)\ . (3.5) 

^ \ i=l v=\ / 

The field xr is defined by trading for Xji and taking the complex conjugate of the 
second term. In this way we ensure that the local field x(2;, z) — Xl^ Xr remains real. 
Let us also note that its dual field X = Xl — Xr acquires a non-zero background charge 
Qy, — —iVk. Therefore, the free bosonic field x has central charge — 1 — 6k. Using the 
same reasoning as in [12] we obtain 

= V^M- (3.6) 

Thereby, we now got rid of all the explicit //-dependence in the integrand. Our redefinition 

of the bosonic field also leads to additional insertions of bosonic vertex operators into the 
correlation functions, much in the same way as for the field Lp. 

But there is one additional important consequence of the shift (3.5). It also produces 
a numerical factor similar to ©^v, only with the exponent being replaced by —k. 
Remarkably, the product of ©jy with this new factor combines exactly into the Jacobian 
for the transformation from /j,,^ to u,yi. The latter is computed in Appendix C and it 
reads 

In applying this substitution rule, one has to be a bit careful. Note that the parameters [i^, 
are not effected if we permute the insertion points yi. This means that our transformations 
map the space oi \iy io [N — 2 — 5')!-fold cover of the yi coordinate hyper-plane. Putting 
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all this together we finally obtain 




The correlation function on the right hand side is evaluated in the theory 

S(V, X) = ^ / d'^ (dv^d^ + dxdx + ^^Q^^P + QxX) + b'e''^^ , (3.9) 

with background charges Qtp — b + 1/b and Qj^ — —iVk. We have thereby achieved our 
first goal, namely to express A'"-point correlation functions in the cigar conformal field 
theory through correlators of 2A'" — 2 — S fields in a product of the Liouville model with 
a single free bosonic field. This is as far as the i^a"- Liouville correspondence can take us. 

3.2 Derivation of the duality with Sine-Liouville theory 

The correspondence we derived in the previous subsection falls short of being a true 
duality for a number of reasons. To begin with, it relates correlators in the weakly coupled 
cigar conformal field theory to correlation functions in weakly coupled Liouville theory. 
Here is where the famous self-duality of Liouville theory comes to our rescue. Through 
the correspondence (3.8) it provides us with a non-perturbative completion of the cigar 
conformal field theory, i.e. a well defined prescription to calculate cigar correlators for 
small values of the level k (large b) . The next unpleasant feature of our correspondence is 
that it relates correlators with a different number of vertex operators. Since the central 
charge of the theory (3.9) is the same as for the cigar conformal field theory, one may 
expect to do better. Indeed, our correspondence shall be rewritten as a duality between 
A'"-point correlation functions in the second subsection. At that point we could have 
decided to stop if we were not fully determined to recover Sine-Liouville theory. We 
shall succeed in the last part of this subsection through a rotation in field space and an 
appropriate field identification. 

3.2.1 A weak-strong coupling correspondence 

As we have just stated, the correspondence we obtained in the previous subsection does 
not seem very useful yet: Both the cigar and Liouville field theory get weakly coupled 
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for small values of the parameter b (or /c ~ 2). Put differently, the Liouville interaction 
term exp(2b(p) becomes large in the regime of small curvature radius ^/k that we were 
hoping to describe. Our path integral manipulations could not have given us anything 
more. They capture the perturbative aspects of the two models and hence relate the 
weakly coupled regimes of the (or the cigar) and Liouville field theory. What makes 
such a correspondence so useful is the fact that quantum Liouville theory looks the same 
at strong and weak coupling [17]. There is no way to derive this self-duality of Liouville 
field theory within the path integral treatment. But since the Liouville theory is solved 
(see e.g. [18] for a review and references), its self-duality under the refiection b — > b~^ is 
fully established [19, 20]. 

If we are ready to accept this additional input from quantum Liouville theory, we can 
now compute our correlation functions in the dual theory 

S(^, X) = ^ / [difd^ + 9xdx + ^n{Q^v + Q^x) + A*et^ j . (3.10) 

The background charge Q^p — b -\- 1/b ol the Liouville field remains the same as before. 
However, the inversion of the parameter b should be accompanied by an appropriate 
adjustment of the bulk cosmological constant. In our case, the correct choice is (see e.g. 
[17, 21]) 

n = r\h-') {hHh')f , (3.11) 

where '~f{x) = r(a;)/r(l — x), as usual. Let us stress that correlation functions of the 
cigar conformal field theory arc still calculated through equation (3.8). There is no need 
to change the parameters of vertex operators, in spite of the fact that they happen to be 
functions of b. After the inversion of b, the interaction term exp2Lp/b becomes weakly 
coupled when we enter the strong coupling regime of the cigar conformal field theory. 

3.2.2 Removing degenerate field insertions 

When we were discussing the correspondence between the WZNW model and 
Liouville theory we argued that degenerate field insertions were required in order to encode 
all information about the target space momenta on ifg". The situation has changed now. 
By gauging one of the directions of the model we descended to a 2-dimensional target 
space. An A^-point function on the cigar involves only 2A^ target space momenta and 
hence the N — 2 insertion points in Liouville theory are certainly more than is needed to 
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simply store information on target space momenta. Since we kept the bosonic field X in 
our theory rather than integrating it out, it should even be possible to do without any 
additional field insertions. 

This is indeed the case, due to the following observation [13, 22]: The integrated 
insertions at the points yi appear as if they had come from expanding an additional 
interaction term in the action with the field 

V_±{y)V^^{y) = e-^^(^'^)+^^*(f'^) , (3.12) 

26 2 ' 2 

where x{y, y) = Xl — Xr ^ before. In fact, the total charge of exponentials of the field x 
in our correlator is 

Hence, if we expand the exponential of integrated vertex operators of the form (3.12), only 
a single term contributes, namely the one with N — 2 — S insertions of the interaction. 
Here it is essential that x is a compact free bosonic field. Thereby, we have shown that 
correlation functions in the cigar conformal field theory 




(3.13) 



may be computed by evaluating the correlator on the right hand side in the theory 
Siv, X) = / 1^ [dipB^ + dxBx + ^n{Q^<p + Q^x) + ~^el^ - Se'i ^+'^*) . (3.14) 

In our derivation, the new action S{ip,x) arises as a perturbation of Liouville theory 
by the exponential interaction term (3.12). For the exponentiation of our degenerate 
field insertions into a term of the action it was crucial that we had replaced the Liouville 
interaction by its dual one in the previous step. In fact, only after the replacement 6 — > 
in Liouville field theory, the two interaction terms of eq. (3.14) have a common regime in 
which they both become small. A functional S{(p,x) with the interaction (3.12) and the 
original Liouville exponential ex.p{2b(p) was considered in [23] as a possible dual of the 
cigar conformal field theory. The twisted Sine- Liouville theory such an 5'(</7, x) was meant 
to describe, however, is not really well-defined. It certainly does not provide a weakly 
coupled dual for the strongly curved cigar background. 
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3.2.3 Relation with Sine-Liouville theory 

There is not much left to be done. In fact, in eqs. (3.13) and (3.14), we have derived a 
duahty between the cigar conformal field theory and some new 2-dimensional field theory 
that involves two exponential interaction terms. It relates N point functions between 
the two models and maps the strong coupling regime of one model to the weak coupling 
regime of the other. The only remaining problem is that our background charges and 
interaction terms do not look at all like those of Sine-Liouville theory. 

Part of this issue can be repaired immediately. To do so, we observe that the square 
length = + of our background charge is the same as for Sine-Liouville theory, 
i.e. = h"^. Hence, it is possible to perform a rotation in field space from the fields ip and 
X to some new fields 4> and X with background charges Q^p = b and = 0, respectively, 
i.e. 

(f) = {k-l)ip-iVkb-'^x , (3.15) 

X = -i^/kb-^ ip - {k - l)x . (3.16) 

When expressed through our new fields, the two exponential interaction terms become 

Vl = exp(2rV) = ex.p{2b-\k-l)(l)-2iVkb-^X) , (3.17) 

y_ = exp(-r V + ^\^X) = exp{b-^(i)-iVkX) . (3.18) 

Note that the exponential is one term of the tachyon potential (1.3) in Sine-Liouville 
theory. Only Vl still looks very different from the second contribution V+ to the tachyon 
potential. But we shall see below that Vl may be identified with V+ through a reflection 
with respect to the exponent of the interaction term V^ . 

Before we explain the identiflcation of Vl and V+ we want to approach the issue of 
reflections in a more general context. Suppose we are given some theory S with n bosonic 
flelds. We denote their background charges hy Q — (Q^) where i — 1, . . . ,n. Let us also 
assume that the n flelds interact through p exponential terms. These involve a sets of 
vectors P^, = (/?*) with u running from u — 1 to u — p. As in our example (3.17), (3.18), 
we shall assume P^iQ — piy) = 1 so that all interaction terms are marginal. With these 
notations introduced, our theory looks as follows, 

S ^ ^jd'w{f: dXMi + E ^7^(Q, X) + E e^(^^-^)) ■ (3.19) 
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Now we can pass to an equivalent theory by performing one of the following reflections 

— * 

w,-J. /i + /3,+ (l-2(/i,/3,))-^^ . (3.20) 

In other words, we can pick any pair of labels ly, p & 1, . . . ,p and then replace the vectors 
Pa- in our theory by 

01 = Wpj3u , Pa = Pa ior a ^ u . 

— * 

The reflection of the vector P^, should be accompanied by an appropriate adjustment of 
the corresponding bulk coupling /i,^. We shall denote the corresponding coupling by //'^. 
All other bulk couplings /I'a — /la with a ^ v remain the same. For v — p the reflection 
invariance of S follows from the self-duality of the Liouville held X^. When v ^ p, the 
equivalence of the corresponding models is a consequence of a simple fleld identiflcation 
(see Appendix B for more details). 

Let us now apply these general remarks to the case at hand. After the rotation (3.15), 
(3.16), our model is of the general form (3.19) with 

/3i = {{k-l)/h,-^^^k/h'') , P2 = (1/26, -iv^/2) 

and Q = (6,0). We claim that a single reflection of Pi with W2 is necessary in order to 
obtain the missing interaction term of the Sine-Liouville model. Indeed, 

iPi) = (l/26,iv^/2) . 

Hence, after reflection, our interaction term pV^ takes the form 

IIVl ^ /ie'V<^-2^f^ = _27r2A2ei'^+^^^ = -277^ A V+ (3.21) 

where A^ = . (3.22) 

27r2 7(2 -A;) ^ ^ 

Here we used the reflection properties of tachyon vertex operators in c = — 2 Liouville 
theory (see Appendix B). The value c— —2, and the precise form of the new cosmological 
constant, is determined by the background charge Q- — ^^e field —^{b~^'P ~ 

iy/kX) in the exponent of 

In order to make the coefficients of V+ and V- in our final answer look more symmet- 
rically, we shift the zero mode of X such that we end up with 

S((l), ^) = ^ / d^^' (^d(t)d(l) + dXBX + ^nQ^(t> + 27rAei '^+^^^ + 27rAei ^-^^^^ . 
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This is indeed the action of the Sine-LiouviUe modeL The parameter A is determined 
through b by the two equations (3.22) and (3.11). 

It remains to address the precise form of the vertex operators that we should use when 
calculating correlation functions for the cigar through Sine-LiouviUe theory. In equation 
(3.13), these took the form 

Nuy^{^)yLi^-.^^) = ra +V+t) e"^---^^-^^^^"'^(^-^^--^"-^^--) . (3.23) 

Now we rewrite the exponents of these vertex operators in terms of the rotated fields 0l, 0ii 
and Xl,Xr. The step requires to spit the equations (3.15), (3.16) into four equations for 
the left and right components of the various fields. The resulting exponents are rather 
complicated, 

NL,Mz)V-_^^^_^{z) = r(l+7+t) e^"^^-^^"^"-+^<^-^^"^"- (3.24) 



where 



.(3.25) 



^ -iVk{j + 1 + il^) - i^^{k - l)(m - f ) 

The parameters and are given by similar formulas but with an opposite sign in 
the expression for and m instead of m. Now we perform the reflection W2 obtained 
from = (1/26, -i\/k/2) on the vector a^, 

w^id"^) = a^ + /t + (l-2(a^/t))-^^ = {b{j + l),im/Vk) . 

The corresponding calculation for the right components differs only by some signs and 
results in i(;^(a^) = {b{j + 1), —ifh/y/k). It is remarkable that the reflection W2 maps 
the complicated expression (3.25) for the vector a onto something so much simpler. In 
particular, the reflection removed the shifts j — > j + 1/26^ and m — > m — /c/2 that entered 
our computations long ago through the redeflnitions (2.14) and (3.5). 

The field identification of vertex operators also involves an additional factor. This 
so-called refiection amplitude is worked out in Appendix B. In our case, it turns out 
to remove the numerical prefactor in the vertex operator (3.24), up to an overall sign. 
Namely, we find 
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where m = {kw + n)/2 and rh = {kw — n)/2, as before. Hence, we recovered the conven- 
tional vertex operators of Sine-Liouville theory. Inserting our results into eq. (3.13), we 
obtain 

/ N IN ~\ 

(n*^^...) = AA<^ne^^(>+^)^e^^^+^^-^^ (3.26) 

with the overall factor M = (— l)^~'^7r^~^~^'^A~'^ depending on A and S. The right 
hand side of the above expression is to be evaluated in Sine-Liouville theory with radius 
R = \fk and a bulk cosmological constant that is determined through h by the two 
equations (3.22) and (3.11). Thereby, we have established the equality (1.5) of correlators 
in the two models on the sphere. 

4 Generalization to surfaces of higher genus 

Having successfully completed our proof of the FZZ-duality we would now like to 
extend it to surfaces of genus 5 > 1. Most of our analysis in subsection 3.2 carries over 
to general closed Riemann surfaces without any changes. Our main task is to extend 
the relation (3.8) between the cigar and Liouville field theory. In order to do so, we will 
briefly review our previous study [12] of correlation functions on higher genus surfaces. 
At the same time, we shall include spectral flow. As in the case of the sphere, we then 
descend to the cigar and derive a relation with Liouville fleld theory. Some necessary 
background material on how to gauge the B.^ WZNW model on higher genus surfaces is 
collected in Appendix A. The flnal step in the derivation of the correspondence between 
the cigar and Liouville theory requires good control of the Jacobian for the coordinate 
transformation from momenta etc. to insertion points y,. This Jacobian is discussed 
in the technical Appendix C. 

4.1 The B.'^ - Liouville correspondence - genus 5* > 1 

From now on let S be a generic Riemann surface of genus g and with a fixed complex 
structure. On E there exist g holomorphic one-forms uji with I = 1, ■ ■ ■ , g. As usual, we 
normalize them such that 

f u}i = 6ki , f uji = Tki , (4.1) 
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where the set of {ai, j3i) is a canonical basis of homology cycles. The complex matrix r is 
the period matrix of the surface E. 

Let us turn attention to the fields (3, 7, of the WZNW model. Originally, these are 
(possibly multi-valued) functions on the surface S. But we shall consider them as (quasi-) 
periodic functions on the Jacobian by means of the Abel map (w^) — {J^ cUk) G C^- The 
periodicity conditions we impose look as follows 

^(wk + Tkin^ + mk\r) = e~^''''''^^^{wk\r) , (4.2) 

, , , ,/ I \ 27rn'lmA/ 
(p{wk + Tkin +mk\T) = (p{wk\T)^ 

for n^, rrik G Z. The complex parameters Xi,l = 1, . . . , g, that determine the behavior of 
7 and (j) under shifts along the /5-cycles are called twists. Because of these twists, 7 
does not possess a zero mode. On the other hand j3 still has g — I zero modes. These are 
proportional to A-twisted holomorphic differentials cu^ [24, 12]. 

As in the genus zero case, we compute {N + l)-point function in the presence of an 
insertion v^{^) of the spectrally flowed identity field at 2; = ^, 

/ N \^ r ^ 

on a Riemann surface E of genus g. The subscript {X,zu,t) indicates that we evaluate 
the correlator with fixed twists A^, fixed coefficients zu^ of the (3 zero modes, and fixed 
complex structure tm on the Riemann surface. The evaluation of physical correlators in 
the WZNW model requires setting Afc = and integrating over zero modes Wcr. But the 
construction of the correlators in the gauged model (cigar) and other applications on the 
WZNW model require to keep the expficit dependence on both twists and zero modes 
(sec below). 

The calculation leading from the WZNW model to Liouville field theory proceeds 
essentially as on the sphere before. It utilizes a number of rather basic functions on the 
Jacobian that we shall introduce while sketching the main steps of the derivation. See 
[25, 26, 27] for some properties of functions on a generic Riemann surface. To begin with, 
we integrate out the field 7(w), just as in section 2. Due to the presence of the various 
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vertex operators Vj^{iiy\zv), the field takes the following form 

N 9-1 

/^(^) = Y^lJ^y(y\{w,Zy) + Y^w^ujI{w) . (4.3) 

v=l a=l 

This expression for P{w) replaces our formula (2.11). It involves the object crx{w, z^) with 
a single pole w — Zv The latter may be constructed explicitly in terms of the theta 
function 

HA-r) = E expi7r[(n + (5i)VfeKn + 5i)' + 2(n + 5i)*^(^ + 52)fc] . (4.4) 

Here, 5k = (^ifc,<^2A:) with 5ik,52k = 0, 1/2 denotes the spin structure along the homology 
cycles ak and I3k- With the theta function Os[z\t) we can build the following auxiliary 
function hs{z) through 

{hs{z)f = E dkOsmu^liz) . (4.5) 

k 

In terms of these objects, the propagator o-x{w, z) can be written as [12] 

with an odd spin structure 5. Thereby, we have fully explained the general form (4.3) 
of I3{w). Next, let us see how to generalize the constraints (2.12) from the sphere to an 
arbitrary surface. Because we inserted the operator v^{^) in our correlator, the object 
(5{w) along with its first S — 1 derivatives has to vanish at w = ^, 

U{li,w,\) := i:/..<7?-^He,^.) + E^.^.'^'^-^nO = . (4.7) 

V=l cr=l 

Here, the superscript [n — 1) stands for the (n — I)*'* derivative and the integer n runs 
over n — 1, . . . , S . In contrast to the corresponding relations (2.12), there is no constraint 
for n = 0, at least as long as the twists are kept at generic values (see [12] for a more 
detailed discussion). 

Once more, we would like to bring the function (4.3) into a product form similar to 
eq. (2.13). This may be achieved using another basic fact about one-differentials on a 
surface of genus namely that they possess 2{g — 1) more zeros than they possess poles. 
Consequently, we can rewrite (5{w) as 

n^=l E(W, Zy) 
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This expression encodes the M = N + 2g — 2 — S zeroes of order one at the points 
w = Ui.i = 1, . . . , M, and the zero of order S at w = ^. It uses the well known prime 
form E{z,w) which is defined through 

hs{z)hs{w) 

where 6s and hs are the same as in eqs. (4.4) and (4.5) above. By construction, the prime 
from E(z, w) has a single zero at ^ = w. The other function a{w) that appears in the 
formula (4.8) is a g'/2-differential with neither poles nor zeros. Its definition can be found 
e.g. in [12, 28]. 

The rest of the calculation can be copied from our discussion in section 2. As before, 
we redefine the field through the following prescription, 

ip{w,w):= (l){w,w) + ^{S\n\E{w,Of+ (4.10) 

M N \ 

+ In \E(w, y,) I' - E In \E{w, z.)\^ + 2 In \a{w) \^ - In \up{w)\'' . 

i=l v=l ) 

Then we evaluate the change of the kinetic term. The resulting formula for correlation 
functions in the WZNW model involves Liouville correlators with M — N-\-2g — 2 — S 
degenerate field insertions. The precise expression is 

(^{V,Mz^)v'{i)\ = (4.11) 



S I N M \^ 

= n 5\f^,,{^,,wA))Ho?'w { n n v-^svi) ) ■ 

n=l \ u=l i=l I j- 

Our notations for fields in the Liouville correlation function on the right hand side are the 
same as in eq. (2.17) above. The constraint functions fn,^ were introduced in eq. (4.7). 
In addition, the right hand side of eq. (4.11) involves a prefactor of the form 

N M 

ie^^|2 = ei^^^i det'VAr>i'"'^-^ n k(^^^)r'"^ n Hy^)\'^^ x (4-12) 

i/=l i=l 

N M N M 

X l[\E{z„z,)\^l[\E{y,,yj)\^l[l[\E{z,,yk)\-^ . 

Ai<!^ i<j u=l k=l 

The prime in det ' Va indicates that we drop the contribution from the zero mode. The 
function Ug, finally, is defined by 

Ug = I d''w(fy^[^)n{w)^)n{y)\n\E{w,y)\^ . (4.13) 
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Here, g{w) denotes the metric on the Riemann surface and TZ is its curvature. This 
concludes our derivation of the //-^-Liouville correspondence for higher genus surfaces. 
The special case S = was treated in more detail in [12]. 

4.2 The cigar-Liouville correspondence - genus g > 1 

In this subsection, we would like to relate correlators of cigar model to those of Liouville 
field theory with a free boson. Thereby, we shall extend eq. (3.8) to a general Riemann 
surface of genus g. Our starting point is the following presentation of the cigar correlation 
functions in terms of correlators of the ifg" WZNW model and a free boson X, 

( n ) = App(i) / VgVX n d^A,e-^^'^[^'^]^ J] ■ (4-14) 

\i^=l / ■' 1=1 u=l 

The vertex operators are given in eq. (3.3), and formula (4.14) is derived in Appendix 
A. The right hand side is computed in the product of an WZNW model and a free 
bosonic field theory, 

/ N \ f^'g g-l 9 

(n*t.^.(^^)) = idet'^r/n^^^.n^'^^x (4-15) 

\i/=l / a=l 1=1 

' N j2 1 / N \ 

X n / ri^/^r/^r (v^^ _m(0 e^^«)/^ n vi,^^{z.)vm^.) ) . 

. v=l ■' J \ ^ ^ i/=l Is 

Since the vertex operator docs not include (6, c)-ghosts, the Faddeev- Popov determinant 
can be factored out. Here we have chosen the measure for such that the overall factor 
becomes simple. 

Utilizing the result (4.11) from the previous subsection, we can express all Ht^ corre- 
lators through correlation functions in the Liouville field theory. As in the case = 0, we 
redefine the field X to remove the remaining explicit /^-dependence, 

Xl(w, w) ■= X^w, w) - {S In E{w, 0+ (4.16) 



M N \ 

-|- ^ In E{w^ yi) — ^ In E(w, z^) -|- 2 In a{w) — In up{w) j . 

1=1 u=l / 



A similar redefinition is performed for xr- From the definition of X (see eq. (A. 15) in 
Appendix A) we can see that Xl and receive shifts similar to the one for the field 
(j) when we go around a /3-cycle, see the third line of eq. (4.2). Through the redefinition 
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(4.16), the new fields Xl and xr become periodic. The mechanism is the same as for the 
Liouville field ip. We can now proceed as before and obtain 



IN M \ 

The derivation of eq. (4.17) requires a generalization of the expression (3.7) for the Jaco- 
bian to surfaces of genus g > 1, 

^ d^u ^ ^ IdetV^P 

n n d'^^ n ^^a. n ^))^^^ - (^-i^) 

i/=l IPi^l <T=1 i=l n=l 1*^^^ 

M 





l^(^/.,- 










d^u 




1 1 lj=l 










\u\ 


4-2g+25 



n d"y^ ■ 

1=1 

We prove this formula in Appendix C. Once we have arrived at eq. (4.17), the steps 
we performed in section 3.2 go through without any changes. In particular, we can 
exponentiate the degenerate field insertions and then work our way through refiections 
and rotations until we arrive at the relation (1.5) between correlators on arbitrary surfaces. 

5 Conclusion and open problems 

In the previous three sections we have estabhshed complete agreement between cor- 
relation functions of tachyon vertex operators on the cigar and in Sine-Liouville theory. 
On the other hand, equivalence of the two models, i.e. the agreement of all correlation 
functions, still needs to be addressed. The proof is only completed once wc have shown 
that both models possess the same chiral symmetry and that our tachyon vertex operators 
form the set of primary fields with respect to this chiral algebra. Both statements are in 
fact well established. Therefore, we shall only outline the main ingredients and provide a 
few references to the original literature. 

The chiral symmetry of the cigar conformal field theory, often denoted by Woo (A;), 
was studied many years ago, right after the model had been first discussed. A very 
convincing description of VVoo(^) along with extensive references to earlier contributions 
can be found in [29] . Given the basic fields and X of the cigar conformal field theory 
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one may construct the following parafermionic currents 

^±{z) = i(b-^d(f)±iVkdx) e^^^7I^« . (5.1) 

By the equation of motion, these fields turn out to be chiral. Since their construction 
involves splitting the field X into its chiral components, however, parafermionic currents 
are not local. On the other hand, '^±{z) may be used to generate an infinite set Ws,s — 
2, 3, 4, . . . of local chiral fields with weight hg — s. Through repeated operator products 
one first finds the usual stress energy tensor T — W2 and then a field W3 of the form 

Ws{z) = ^^{dXf + ^{dcj>fdX + ^d'cj>dX-^d<j>d'X + ^d'X . (5.2) 

One may show that all higher weight fields Ws,s > 4, can be recovered from operator 
products of T and 14^3 alone. We can therefore think of Wooik) either as the chiral algebra 
obtained from T and or as the algebra of local fields with parafermionic constituents. 
The algebra Woo (A;) suffices to generate the entire state space of the cigar conformal field 
theory out of the primaries |j, m,m) = ^;^_^(0)|0). 

Let us now switch to Sine-Liouville theory. We may employ either the explicit formula 
(5.1) for parafermions or the construction (5.2) of Ws to show that the chiral symmetry 
algebra Woo(^) is preserved by the interaction terms in the Sine-Liouville model, i.e. 

(j^JwW3{w)V±{z,z) = = j^dw^!,{w)V±{z,z) . (5.3) 

Here, e = ± and V± arc the two exponentials that appear in the interaction terms of 
the Sine-Liouville model. Interested readers may find a more detailed discussion and 
references to earlier works in [30]. In conclusion, the cigar and Sine-Liouville models 
possess the same chiral symmetries. Therefore, the main result of this note proves that 
they are equivalent. 

In the introduction we have presented the AdS/CFT correspondence as our main mo- 
tivation for studying the strong-weak coupling duality of the non-compact cigar geometry. 
Obviously, the 2-dimensional cigar is a rather simple toy model for realistic, higher di- 
mensional holographic backgrounds, such as AdS^ x S^. Still, it is intriguing to see how 
the physics of a strongly curved holographic background can be mapped to a dual weakly 
coupled world-sheet model. Let us stress that none of the steps in our analysis seem to 
rely in an essential way on the particular target space dimension of the cigar. On the other 
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hand, we certainly exploited the extended chiral symmetry of the model. It seems un- 
likely, however, that chiral symmetries are really all that crucial. In [31, 32], for example, 
Fateev described several dualities similar to the one between the cigar and Sine-Liouville 
theory, but involving massive integrable models. In any case, finding explicit higher di- 
mensional examples of weakly coupled world-sheet models for strongly curved holographic 
backgrounds appears as an interesting direction for further research. Such dual models 
could eventually mediate between strongly coupled string physics and a weakly coupled 
gauge theory on the boundary of AdSr,. 

Even though the extension of our analysis to higher dimensional target spaces seems 
possible in principle, it could be technically challenging. The space AdSs x S^, for example, 
arises as a base of the coset superspace SU(2,2|4) / (S0(4,l) xS0(5)). Since (super-)groups 
of higher rank are involved in this construction of an AdS^ background, the AdS/CFT 
correspondence motivates an extension of the correspondence between H^^ and Liouville 
theory to (super-)groups such as SL(N) or PSL(N|N). WZNW models on SL(N), for 
example, possess a well studied relation with Toda field theories through Hamiltonian 
reduction. Encouraged by the successful treatment of SL(2), one may hope to upgrade 
embeddings of Toda theory into WZNW models to a full correspondence. At the critical 
level k = N, such a relation is understood as one of the ramifications of Langlands duality. 
Interested readers may find a detailed explanation of the so-called geometric Langlands 
duality and its relation to conformal field theory, along with many further references e.g. 
in [33] (see also [11, 34] for the connection with the iJ3"-Liouvillc correspondence). We 
hope to report on an off-critical version of the geometric Langlands duality for SL(N) and 
other (super-) groups of higher rank in the future. 
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A Cigar field theory as a gauged WZNW model 



In this appendix we discuss the construction of the cigar conformal field theory as a 
gauged WZNW model, see also, e.g, [35, 36, 37, 38]. Our treatment is not restricted to 
the case of genus g = 0. To begin with, let us recall that the action of the WZNW 
model takes the form 

^wzNW[^] = ^Jd^w(d^d<f> + e-'"f'djd^) . (A.l) 

Here and in the following we shall use the letter g as a shorthand for the fields 7, 7 
and 4>. Upon introduction of the two auxiliary fields (3, P we may recover the first order 
action (2.1) we have used throughout the main text, except for a different normalization 
of the field 0. 

The action of the coset theory is obtained through the usual prescription. If we 
decompose the U(l) valued gauge field A through A — Adw + Adw, the action of the 
gauged model becomes 

S^^[g, A] ^ ^ [ d^w \{d(l) + A) (del) + A) + e-^\d + A)-t{d + A)^\ . (A.2) 
27r J L ^ 

Expectation values of any operator (9, such as a product of tachyon vertex operators, for 
example, are now computed through the associated path integral 

= f VgVA e-^'''[^'^l O , (A.3) 

where V^ym is the volume of the gauge group. Path integrals of this form may be evaluated 
with the help of the Faddeev-Popov prescription, by introducing an auxiliary system of 
(6, c)-ghosts. To this end insert 

1 = Afp(^) / [dxda n d'Afe] 5{A - i"(x. A)) (A.4) 
■' fe=i 

into our path integral (A.3). Here, A^^(^) is the Faddeev-Popov determinant and the 
gauge field is parametrized as 

^"(x. A) = dx + *da-T:i\k{T2^)''^u;i-T:i\k{T^^Y^U3i , (A.5) 

where k,l = 1, ■ ■ ■ ,g and {T2)ki = Imrfc^. On a sphere wc can always choose A = d{x + ia) 
and A = d{x — ia). This choice is locally possible on a generic Riemann surface of genus 
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g, but globally we have to include zero modes. These zero modes correspond to the 
possibly non-vanishing holonomies along the various cycles, and they are proportional 
to holomorphic one-form uji with / = 1, ■ ■ - ^f on the Riemann surface. As our notation 
suggests, the parameter turns out to be the twist along non-contractible cycles. In 
[12], we fixed these twists to obtain the relation between correlators of model and 
Liouville theory. In our present context, however, we have to integrate out as well. 
Insertion of the identity (A. 4) leads to 

(C))-g = -J— f [dxda n d^Xkdg] Afp (i") e-^^''^^'^"^ O (A.6) 

after the integration over A. Since we can show that Afp(^") and S'^'^^[g,A"] arc in- 
dependent of a, the integration over a only gives an overall factor Kym, as long as the 
inserted vertex operators arc independent of a as well. 

Our first aim is to evaluate the Faddeev- Popov measure. Since the variation of gauge 
field is given by 

5A = d5x + *d5a - 'Ki5\k{T2^)*'^0Ji - 'Ki5Xk{T2^)^^Oi , (A.7) 
the inverse of the measure becomes 

9 



AFp(i)= [[d5xd5al[d^5Xk]5{5A) (A.8) 

k=l 

[d'^jS'dSxdSa d^6Xk] exp 27ri / d^w (^(3'd{6x + t6a) + (3'd{6x - i6a 



k=l 



X exp 



27n J d^w (7r^o5Afc(r2-^)% + 7r/3o5Afc(r2-^)%) 



We invert this expression following the standard trick. Thereby, we can express the 
Faddeev-Popov measure through an path integral over fermionic ghost systems {b, c) and 
(6, c) along with a Grassmann integral over 2g additional variables a-nd ^k- The latter 
are associated with the variations 5Xk and 5Xk- Thus, the measure takes the form 



fc=i 



ki , 



(A.9) 



In passing to the second line, we have performed the integration over C,k and ^k- Correlation 
functions are now obtained from (A.6) by inserting the expression of Faddeev-Popov 
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measure (A. 9). In particular, if the operator O does not involve any ghosts, we can 
explicitly perform the integration over the (6, c)-ghost system, which leads to 

One may think of the determinant | det' (9p as arising from the Jacobian \dA/ dxda\. The 
factor det r2~^, on the other hand, is due to our normalization of parameter Afc. 

It now remains to evaluate S^^l^, ^"=°(a;. A)]. Following [35], we may re-express this 
action through a WZNW model and an additional free boson. Let us separate x as 
X = xl + xr with the condition xl = {xr)* . Then the gauge field A can be written as 

A = dxL-mXkir^T^i = {T^e^^)-^d{T,,e^^) (A.IO) 

with 

If the arguments are translated along the various non-trivial cycles of our surface, the 
factor Tx picks up the following phases 

Tx{wu + TMn' + mj,\T) = e-''^^"'^TAK|r) . (A.12) 

Even though the anti-holomorphic part of Fa does not contribute to the chiral gauge field 
A, it is required for F^ to possess good shift properties. A similar representation can be 
written down for the component A of the gauge field. With this in mind we now redefine 
our fields according to 

(t>+\{xL + XR + \n\Vx\^)^(j) , f^e^H^^T, FAe^^7 ^ 7 . (A.13) 

In terms of the new field, the action becomes a sum of two simple contributions, 

S^'^[g,A''=\x,\)] = -5™W[^]a + 7^ fd^wBXdX . (A.14) 

ZTT J 

The index A on the WZNW action indicates that the WZNW model is defined with the 
twist as in (4.2). Furthermore, we defined the free boson X = Xl + Xr by 

Xl := -^i(xi + lnFA) , Xr := l-i{xR + \uVx) . (A.15) 

The chiral components of X also satisfy non-trivial boundary conditions, due to the shift 
with In Fa. In summary, we have shown that the action for the cigar model is given by 
summing the action of a A-twistcd WZNW model, a free boson X, and a (6, c)-system. 
In the main text, we only consider situations in which our insertion O does not involve 
fields h and c. Therefore, the (6, c)-system decouples from the rest of the theory. 
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B Reflection: Self-duality and field identification 

This appendix collects a few fact about Liouville theory, its self-duality and reflec- 
tion property. These are applied to multi-field models of the form (3.19) in the second 
subsection. 

B.l Field identification in Liouville field theory 

Let us first consider a single Liouville field 00 with bulk cosmological constant p and 
background charge Qoj = d+l/d. Our aim is to describe the refiection coefficient of fields 
in this theory, i.e. the function D{a^, a^) that features in the relation 

V^L^^n = (B.l) 

between vertex operators VaL ^R — exp{2a^u!L + 2a^ujR). Here, we shall allow for situ- 
ations in which the exponent contains contributions from the dual Liouville field a), i.e. 
with aL 7^ o-R. The refiection coefficient D is severely constrained by the operator product 
of generic vertex operators with degenerate ones as 

^_l,_|(^)K«^a«(o) (B.2) 

Combining this expansion with the refiection equation (B.l), we assign the following two 
conditions 

C_(Q;^,Q;^)L»(Q;^ + f,Q;^+f) = D{a^,a^), 

(B.3) 

L>(a^,a^)i^(g^-a^Q^-a^) = 1. 
The coefficient C_ may be determined through a free field computation, as e.g. in [39], 

C_(a^a«) = -|^/ c^2a;(K..,aK(0)\^_|,_|(l)e2'^'^(^)\/Q_,._.,Q_„«_.(oo)) 

/-. ^2Nr(-l + 2rfa^-rf2)r(l-2rfa^) ,^ ^, 

= -^^^ + r(2-2da^ + i)W) ■ ^^-'^ 

There is a unique analytic solution to the constraints (B.3) that is consistent with the 
duality symmetry under simultaneous exchange d <-> 1/d and <-> a^. It is given by 

V[a ,a ) [frf[d )) ^^^^^ _ ^^^^ ^ ^^^^^^ - '-f + ^) ' ^ ^ ^ 
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Applying the reflection to the Liouville field itself, i.e. to the case with = = d, we 
infer that the bulk cosmological constant p of the dual Liouville field theory must take 
the form 

p = r\l/d'){p7{d'))'/'' . (B.6) 

In the main text, the reflection of vertex operators is performed in a Liouville fleld theory 
with parameter d — i/V^ and with bulk cosmological constant p — —2. If we insert these 
values into our general formula for the reflection amplitude, we obtain 

Formulas (B.5) and (B.6) contain all the information that is needed to perform reflections 
of the type (3.20) we considered in section 3.2. 

B.2 Reflection in theories with several bosonic flelds 

Our notations and conventions in this subsection arc the same as in subsection 3.2.3 
of the main text. Let us suppose that j3 is one of the vectors satisfying {13, Q — (3) = 1. 
We want to analyze the field identification for a vertex operator that is induced by the 
Liouville interaction exp2(/3,X). Here a can be any vector. It is convenient to redefine 



X^^={dz'P,X) , d^=^{i3,/3). (B.8) 



The background charge for this bosonic field X^isg^=d^+d- and the interaction term 
is now exp 2d 0X0. 

— * 

To begin with, let us isolate from the vector a its component along /3, 



a = a0{dz'P)+[a-^^^p] , a0 := dz\aj) . (B.9) 



The reflection along (3 is controlled by the value of the background charge q0 along (3. 
Hence, upon reflection, the vector a gets replaced by 

= (?^--«/3)(^^^'/^)+ 1^5-^/3 j = a + /3+(l-2(a,/3))^ . (B.IO) 

Formula (B.IO) is used twice in the main text, namely in eq. (3.20) and after eq. (3.25). 
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The results of the previous subsection may also be used to determine the reflection 
amplitude that is needed to relate with its reflection Vu,(cf). We then find 

Here, /i^ is the bulk cosmological constant in front of the interaction term exp2{(3, X). 
In passing from an interaction term exp20,X) to the dual one, we must replace 

— * 

/3 ^ and /i^- = rWdl) {fiff{dl)f''0 . (B.12) 

The expression for the dual cosmological constant was obtained from eq. (B.6) by inserting 
the value defined in eq. (B.8). 

C On the Jacobian 

The aim of this appendix is to compute the Jacobian (4.18) that arises when we change 
variables from the momenta /ii, to insertion points y^. We will first explain the main ideas 
in the case of the sphere. Thereby, we rederive eq. (3.7) that was already established in 
[11, 15]. Our derivation generalizes more or less directly to surfaces of higher genus g > 1, 
and these will be treated in the second subsection. 

C.l The Jacobian on the sphere 

For the sphere with genus g = 0, the separation of variables (2.13) may be written in 
terms of the individual momenta by comparing residues. 

Thereby, we obtain the following relation between differentials 

djj^ ^ du _dyi_ 

Before we continue, let us set 5" = 0. We shall treat the more general case with S a, 
bit later. The measure in momentum space may read 



^ d^a 

nf7^^^(EM - n 



du y-v^ dyi 





zn ^ z^ 


2 


\u 




zn - Vi 


2 



(C.3) 
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We would like to rewrite the first factor on the right hand side. In order to do so, we 
observe that it may be expressed through the correlation function of an auxiliary {b, c)- 
system. If we adjust the central charge such that the b and c possess conformal weight 
/if, = 1 and hc — and furthermore normalize the fields according to c{z)b{y) ~ l/{z — y), 
we find 

v=l \ " i=l V'^ yi) J \v=l i=l I " 1=1 

Notice that one of the insertions c{zi,) is replaced by the zero mode, i.e., a constant mode. 
Utilizing the usual bosonization formulas for (6, c)-systems we obtain 



iN-l N-2 \ ^ nN-1 1^ ^ l2i-rJV-2 



n c{z^) n Hvi) 



(C.5) 



, i/=l i=l 

When this result is inserted back into eq. (C.3), we recover a special case of the Jacobian 
(3.7) with S ^0, 

n g ^2tsr ,. \ — iiM<t^=i i^At ^i^i i.u<j=i\yi yji « " y-r ,2^, (ra\ 

iy=i lA'i'l 1/ lli/=illi=i yi| l"l i=i 

In order to treat the remaining cases with S* 7^ 0, we perform an induction in S. So, 
let us assume that the relation (3.7) holds for S = s. If 5* is increased to 5* = s + 1, the 
left hand side of eq. (3.7) reads 

lhs(3.7) = n iP-s-M) tl (e 773Tv^) ' ^^-'^ 

i/=l iH'i^l n=0 \ 1/ Is ^^f) / 

where Ps-i — J2u A*i^(C ~ contains the contributions of the N source terms to the 

mode P-s-i of /3. The right hand side of eq. (3.7) can be obtained from the case S — s 
by choosing one of the insertion points and moving it to the position ^. Without loss of 
generality, we shall take x := yN^2-s This gives 

^2 N-3-S 

lim(rhs(3.7)5^J = U d\d'x 5' (P^s-iiVi^x)) x 

\u\ 

\z 

X 









3-s 


Vi - 


-Vj 


2 1 

lli=l 1 




2 




Zv - 


-Vi 




N 
u=l 


Zi/ X 


2 



Thereby, we have reduced our problem to showing that 

5' if3-s-i{yj, x)) = j-r, J,trs-[: ^Ij \x - . (C.8) 
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= u ':=^ _7 {^-x) (c.io) 



For S = s, the function (3{w) is known to take the form 

We can take this expression and expand around x ~ ^ to obtain the following expression 
for the mode Ps-i 

in terms of y^. This equation leads to eq. (C.8), and thereby establishes that the formula 
eq. (3.7) for the Jacobian is vahd for all < 5" < A?" — 2. 

C.2 The Jacobian for genus g > 1 

We now repeat the steps of the previous subsection in the case of generic genus g > 1. 
In this case, the separation of variables takes the form 

}_^^^ax[w,z^) + }_^w^u^{w) = u „jv F/ ^ ■ 

^.=1 a=l nu=lE['^^^'^) 

Here we have denoted M — N — 2g — 2 — S, as before. Prom this equation we can deduce 
the formula for the momenta as 

l^u = u -j^^ — — r , = h2^dyAnE{z,,yi)dyi. 



u 



1=1 



This expression strongly indicates that the Jacobian could be derived with the use of 
(6, c)-ghost system since the propagator of a (6, c)-system on a surface of genus g can be 
expressed through the prime form as {c{z)h{y)) = dyln E{z,y). 

In the case of genus zero only the integral over the momenta /Ji, appears in the left 
hand side of (3.7), but in the case of generic genus the integrals over the twists A/ and 
over the zero modes Wa- are involved in (4.18) as well. For the twists A; we utilize the 
relations to yi as 

1=1"'"' i/=l"'"' J(g-l)w 

where A denotes the Riemann constant. By acting with the differential d on these equa- 
tions, we obtain the following simple relations as 

M 

dXi = ^uji{yi)dyi . (C.13) 

i=l 



Xi ^ S ui + Y. ^;-2/ u;i, (C.12) 

Jw .-I Jw 1 Jw J(q—1)w 
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For the zero modes we use the general expression as 



N 3-1 



(C.14) 



u 



du 



u 



+ Y^9y.E{rjp,yi)dyi 



which is deduced from eq. (C.ll). Here we set w = r]p as an arbitrary point on the 
Riemann surface S. 

As in the previous subsection we start from S — case and then generahze to 5" 7^ 
case by making use of the induction procedure. One may worry about the measure of 
zero modes as the expression in the left hand side of (C.14) involves d/ii, in addition to 
dzUa- This problem can be resolved by the following simple observation, 



^ du ^"^ 



N 



9-1 



v=l 



\{d\i = 

/=i 



(C.15) 



AT J 9-1 g 

= ^ — \{dw,\{d\deiuj^,{np) . 

V=l A*i^ CT=1 1=1 '^''^ 



Combining everything obtained above, the left hand side of (4.18) can be rewritten as 



^ da ^"^ ^ 

i/=l h'-v cr=l 1=1 



N 

n 



9-1 

xn 

p=i 



u 



Y{r=,E{r,p,yM{Vpf 



du ^ 

+ Y.9yi^^E{zy,yi)dyi 



u 



i=l 



(C.16) 



IlLlE{Vp:Z,) 



du ^ 



u 



i=l 



a 

n 

1=1 



M 



Y<-^i{yi)dyi 



.1=1 



Once again it is advantageous to express the right hand side of the previous equality 
through correlators in an auxiliary {b, c)-system. Notice that b{y) has g zero modes uJi{y) 
for genus g. Moreover, there is a single constant mode for c{w) (see, e.g., [28]). With 
these facts and the propagator of {b, c)-system, we can express the measure as 



i/=l 



det.,pa;^(77,)ndet'9|2 



X 



(C.17) 



p=i 



u!^l\E{vp,y^) 


2 


^iVp)\' 


ULi 


EiVp,z.W 



lg-1 N M \ 

n c(^.) n c(^.) n ^yk) 

\(T=1 v=l k=l I 



\U 



d^u ^' 

HA. 



A-2g 



The factor 1/| det'c?| is included to divide the contribution from the partition function. 
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In the following we will show that eq. (C.17) is indeed equal to eq. (4.18) by utilizing 
the bosonization formulas of {b, c)-systems. First, we rewrite the correlation function of 
(6,c)-ghosts in (C.17) as [28] 

2 



fg-l N M 

n c{rj,) n n Kvk) 

\a=l v=l k=l 



X 



Idet'a 

m<p \Eiv.,vXni=\nti \e{v.,z.)\'uU \E{z,,z,)\'ufi, \Eim,y,)\'u!ii Hy^) 



The factor (det 'dd)~^/'^ is the partition function of a complex boson. The theta function, 
which may be written as \d{J2a Va ~ ^ ~ ^)\ by means of eq. (C.12), arises from summing 
over the solitonic modes. Notice that the factors involving E{rjfj,Zi,) and E{ri(^,yi) are 
canceled if we insert the above expression (C.18) into eq. (C.17). In this way, the entire 
dependence on rj^- resides in a single factor that is independent on any of the variables. 
Since the ?7o--dcpcndcncc is expected to drop out in the end, the cancellation of terms 
involving both yi, and t^^- is an important intermediate step. 

In order to incorporate the last factor on the left hand side of our formula (4.18), 
we need to analyze the partition function with twists A^. Up to now we worked with 
a (6, c)-ghost system without twists, but this does not yield any partition function with 
A-dependence. Therefore, wc shall now deal with (6, c)-ghosts with twists A^, where the 
ghosts satisfy the same twisted boundary conditions as the (/3, 7)-system. Consequently, 
the 6-ghost has g — \ zero modes which are proportional to the g — \ twisted holomorphic 
one-differentials uf^iw). The simplest non-zero correlator in the twisted (6, c)-system is 

(nw) = det'VAdeta;^(r;,) . (C.19) 

We show now that this function is useful to remove the r7o.-dependence in eq. (C.17). 
Again application of the usual bosonization formulas leads to 

2 



n Kr/p) 
\p=i 



n ii^(r?.,r^p)rnV(^.)r- (c.20) 



o" a<p=\ a=l 

Then the combination with eq. (C.19) gives the equality 
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This equality removes the all t^o- dependent terms and at the same time leads to eq. (4.18) 
for S = 0. 

The cases with S ^ are treated as in the previous subsection, i.e. by induction in S. 
Therefore, we assume that the Jacobian is of the anticipated form when S — s and try to 
establish the same for 5* = s + 1 . The first few steps are performed in precisely the same 
way as on the sphere. They lead to the following requirement 



1 u^^,m,z^y ' 



that replaces our formula (C.8) from the previous subsection. We may prove this equation 
by recalling that the prime form behaves as E[^,x) ~ ^ — x for ^ x. Therefore, the 
mode expansion of P{w) around w ~ ^ gives 



nil E{c, z.) 



[3^s-i = u —j;^ — _ ^ {t,-x). (C.22) 



With this result we can easily deduce first eq. (C.21) and then the anticipated expression 
(4.18) for the Jacobian with S* = s + 1 from the case S = s. Thereby, we conclude our 
derivation of the Jacobian (4.18). 



References 

[1] A. Giveon, M. Porrati and E. Rabinovici, "Target space duality in string theory," 
Phys. Kept. 244, 77 (1994) [arXiv:hep-th/9401139]. 

[2] S. Elitzur, A. Forge and E. Rabinovici, "Some global aspects of string compactifica- 
tions," Nucl. Phys. B 359, 581 (1991). 

[3] G. Mandal, A. M. Sengupta and S. R. Wadia, "Classical solutions of two-dimensional 
string theory," Mod. Phys. Lett. A 6, 1685 (1991). 

[4] E. Witten, "On string theory and black holes," Phys. Rev. D 44, 314 (1991). 

[5] V. Kazakov, I. K. Rostov and D. Kutasov, "A matrix model for the two-dimensional 
black hole," Nucl. Phys. B 622, 141 (2002) [arXiv:hep-th/0101011]. 

[6] V.A. Fateev, A.B. Zamolodchikov and ALB. Zamolodchikov, unpublished. 



38 



[7] T. H. Buschcr, "A symmetry of the string background field equations," Phys. Lett. 
B 194, 59 (1987). 

[8] T. H. Buscher, "Path integral derivation of quantum duality in nonlinear sigma 
models," Phys. Lett. B 201, 466 (1988). 

[9] T. Fukuda and K. Hosomichi, "Three-point functions in Sine-Liouville theory," JHEP 
0109, 003 (2001) [arXiv:hep-th/0105217]. 

[10] K. Hori and A. Kapustin, "Duality of the fermionic 2d black hole and M = 2 Liouville 
theory as mirror symmetry," JHEP 0108, 045 (2001) [arXiv:hep-th/0104202]. 

[11] S. Ribault and J. Teschner, ''Ht WZNW correlators from Liouville theory," JHEP 
0506, 014 (2005) [arXiv:hep-th/0502048]. 

[12] Y. Hikida and V. Schomerus, ''H^ WZNW model from Liouville field theory," JHEP 
0710, 064 (2007) [arXiv: 0706. 1030 [hep-th]]. 

[13] V. Fateev, unpublished. 

[14] J. M. Maldacena and H. Ooguri, "Strings in AdS^ and SL(2,M) WZW model. I: The 
spectrum," J. Math. Phys. 42, 2929 (2001) [arXiv:hep-th/0001053]. 

[15] S. Ribault, "Knizhnik-Zamolodchikov equations and spectral fiow in AdS^ string 
theory," JHEP 0509, 045 (2005) [arXiv:hep-th/0507114]. 

[16] J. M. Maldacena and H. Ooguri, "Strings in AdS^ and the SL(2,M) WZW model. 
Ill: Correlation functions," Phys. Rev. D 65, 106006 (2002) [arXiv:hep-th/0111180]. 

[17] A. B. Zamolodchikov and A. B. Zamolodchikov, "Structure constants and confor- 
mal bootstrap in Liouville field theory," Nucl. Phys. B 477, 577 (1996) [arXivrhep- 
th/9506136]. 

[18] V. Schomerus, "Non-compact string backgrounds and non-rational CFT," Phys. 
Rept. 431, 39 (2006) [arXiv:hep-th/0509155]. 

[19] B. Ponsot and J. Teschner, 'Tiouville bootstrap via harmonic analysis on a noncom- 
pact quantum group," arXiv:hep-th/9911110. 



39 



[20] J. Teschner, "A lecture on the Liouville vertex operators," Int. J. Mod. Phys. A 
19S2, 436 (2004) [arXiv:hep-th/0303150]. 

[21] J. Teschner, "Liouville theory revisited," Class. Quant. Grav. 18, R153 (2001) 
[arXiv:hep-th/0104158]. 

[22] G. Giribet, "The string theory on AdSs as a marginal deformation of a hnear dilaton 
background," Nucl. Phys. B 737, 209 (2006) [arXiv:hep-th/0511252]. 

[23] G. Giribet and M. Leoni, "A twisted FZZ-like dual for the 2D black hole," 
arXiv:0706.0036 [hep-th]. 

[24] D. Bernard, "On the Wess-Zumino-Witten models on Riemann surfaces," Nucl. Phys. 
B 309, 145 (1988). 

[25] J. Fay, "Theta functions on Riemann surfaces," Lecture Notes in Mathematics 352, 
Springer- Verlag (1973). 

[26] D. Mumford, "Tata lectures on theta. Vols. I, II," Progress in Mathematics 43, 
Birkhauser (1984) 

[27] L. Alvarez-Gaume, G. W. Moore and C. Vafa, "Theta functions, modular invariance, 
and strings," Commun. Math. Phys. 106, 1 (1986). 

[28] E. P. Verlinde and H. L. Verlinde, "Chiral bosonization, determinants and the string 
partition function," Nucl. Phys. B 288, 357 (1987). 

[29] 1. Bakas and E. Kiritsis, "Beyond the large N limit: Non-linear Woo as symmetry of 
the SL(2,M)/U(1) coset model," Int. J. Mod. Phys. A 7S1A, 55 (1992) [Int. J. Mod. 
Phys. A 7, 55 (1992)] [arXiv:hep-th/9109029]. 

[30] V. A. Fateev and S. L. Lukyanov, "Boundary RG flow associated with the AKNS 
soliton hierarchy," J. Phys. A 39, 12889 (2006) [arXiv:hep-th/0510271]. 

[31] V. A. Fateev, "The duality between two-dimensional integrable field theories and 
Sigma models," Phys. Lett. B 357, 395 (1995). 

[32] V. A. Fateev, "The sigma model (dual) representation for a two-parameter family of 
integrable quantum field theories," Nucl. Phys. B 473, 509 (1996). 



40 



[33] E. Frenkel, "Lectures on the Langlands program and conformal field theory," 
arXiv:hep-th/0512172. 

[34] G. Giribet, Y. Nakayama and L. Nicolas, "Langlands duahty in Liouville-ifg" WZNW 
correspondence," arXiv:0805.1254 [hep-th]. 

[35] K. Gawedzki and A. Kupiainen, "Coset construction from functional integrals," Nucl. 
Phys. B 320, 625 (1989). 

[36] K. Gawedzki, "Non-compact WZW conformal field theories," arXiv:hep-th/9110076. 

[37] E. J. Martinec and S. L. Shatashvili, "Black hole physics and Liouville theory," Nucl. 
Phys. B 368 (1992) 338. 

[38] R. Dijkgraaf, H. L. Verlinde and E. P. Verlinde, "String propagation in a black hole 
geometry," Nucl. Phys. B 371, 269 (1992). 

[39] V. S. Dotsenko, "Lectures on conformal field theory," Advanced Studies in Pure 
Mathematics 16, 123 (1988). 



41 



